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Bivelocity picture in the nonrelativistic limit of relativistic hydrodynamics
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We discuss the nonrelativistic limit of the relativistic Navier-Fourier-Stokes (NFS) theory. The
next-to-leading order relativistic corrections to the NFS theory for the Landau-Lifshitz fluid are
obtained. While the lowest order truncation of the velocity expansion leads to the usual NFS equa-
tions of nonrelativistic fluids, we show that when the next-to-leading order relativistic corrections
are included, the equations can be expressed concurrently with two different fluid velocities. One of
the fluid velocities is parallel to the conserved charge current (which follows the Eckart definition)
and the other one is parallel to the energy current (which follows the Landau-Lifshitz definition).
We compare this next-to-leading order relativistic hydrodynamics with bivelocity hydrodynamics,
which is one of the generalizations of the NFS theory and is formulated in such a way to include
the usual mass velocity and also a new velocity, called the volume velocity. We find that the vol-
ume velocity can be identified with the velocity obtained in the Landau-Lifshitz definition. Then,
the structure of bivelocity hydrodynamics, which is derived using various nontrivial assumptions, is
reproduced in the NFS theory including the next-to-leading order relativistic corrections.
PACS numbers: 47.75.+f, 47.10.ad
I. INTRODUCTION
Macroscopic matter, such as fluids, consists of extraor-
dinary large number of microscopic particles and the dy-
namics is determined by solving highly coupled equa-
tions. However, it is also known that the long-wavelength
and low-frequency behaviors are approximately described
by a coarse-grained dynamics called the Navier-Fourier-
Stokes (NFS) theory. This coarse-grained dynamics is
much more tractable than the original microscopic dy-
namics, and has been applied to various nonrelativistic
collective phenomena successfully. Thus, it is quite nat-
ural to expect that this approach is also useful for the
application to relativistic phenomena. As a matter of
fact, relativistic hydrodynamics has been used to study
relativistic collective behaviors in astrophysics, cosmol-
ogy and nuclear physics.
Despite the widespread use of relativistic hydrody-
namic models, their theoretical properties are still not
fully understood because of the difficulties inherent in
the relativistic kinematics. For example, it is well-known
that first-order dissipative relativistic theories have prob-
lems concerning causality, generic stability and in general
they do not have a well-posed initial value formulation
(see, for example, Hiscock and Lindblom [1]). Other pro-
posals for relativistic hydrodynamics led to dissipative
relativistic theories satisfying causality 1 such as the sec-
ond order theory by Israel and Stewart [3, 4].
In this work we investigate another aspect of relativis-
∗Electronic address: tomoikoide@gmail.com, koide@if.ufrj.br
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1 However, the complexity of the generic stability of these theories
led some authors to reconsider first order theories in order to
establish this property properly [2].
tic hydrodynamics, that is, the nonuniqueness of the def-
initions of fluid velocities. For example, the conserved
energy and charge densities in relativistic systems are
given by the sum and subtraction of the particle and
anti-particle contributions, respectively. Thus, the flows
of energy and charge are, in general, not parallel to each
other and we observe two different definitions for the fluid
velocities. In one case we can define the fluid velocity to
be parallel to the charge current, and the other possi-
bility is when the fluid velocity is chosen to be parallel
to the energy current. The former case was introduced
by Eckart [5] and the local rest frame associated with
this velocity is called the Eckart frame. By definition,
there are no spatial components of the charge current in
the Eckart frame. It should be noted, however, that the
Eckart definition is not applicable, for example, in rel-
ativistic heavy-ion collisions at vanishing baryon chemi-
cal potentials and in early universe cosmology, where the
flow of a conserved charge is usually not considered. The
other possibility for defining the fluid velocity, and also of
common usage, was proposed by Landau-Lifshitz [6]. In
this case the fluid velocity is chosen to be parallel to the
energy current, i.e., there are no spatial components of
the energy current in this rest frame, called the Landau-
Lifshitz frame.
As is well-known, in the nonrelativistic NFS theory,
the Eckart and Landau-Lifshitz rest frames are equivalent
and conserved charge and energy of fluids are transported
by an unique fluid velocity (the mass velocity). How-
ever, when relativistic corrections are considered, from
the argument above, it is natural to expect that devia-
tions from the NSF theory should depend on the choice
of fluid velocity because the definitions of the local rest
frame are changed. The next-to-leading order (NLO) cor-
rections to the standard NSF fluid equations were first
considered by Chandrasekhar [7] for ideal fluids. That
study was later extended by Greenberg [8] for nonideal
2fluids. However, only the Eckart definition of fluid veloc-
ity was considered and the role of the two fluid velocities
in the modified hydrodynamics was not discussed. More-
over, the two different local rest frames required in the
definitions of nonrelativistic limit of hydrodynamic vari-
ables, like the energy density and the conserved charge
density, were not distinguished. We extend those earlier
works and apply to the case of Landau-Lifshitz fluids,
determining the NLO relativistic corrections to the NSF
theory for the Landau-Lifshitz definition of fluid velocity
in this paper.
Then it is interesting to contrast the obtained NLO
relativistic equations with a recent proposal of the mod-
ification of the NFS theory by Brenner [9–13] to clarify
the role of the two fluid velocities. Since the velocity
of a tracer particle of nonrelativistic fluids is not neces-
sarily parallel to the mass velocity, it is claimed in his
bivelocity formulation that the existence of these two ve-
locities should be included in a consistent formulation of
the nonrelativistic hydrodynamics. This additional fluid
velocity is called volume velocity. So far, there are var-
ious studies following this scenario (for a list of related
works, although far from complete, see, e.g., Refs. [14–
22]), but it is still controversial whether this bivelocity
scenario is realized or not.
As mentioned, as far as the presence of the two defini-
tions of velocities is concerned, the bivelocity argument
is similar to what is familiar in the community of rela-
tivistic hydrodynamics. Then it is interesting to discuss
the structure of the NLO relativistic corrections from
the point of view of bivelocity hydrodynamics, because,
as will be discussed in this paper, the corrections stem
from the fact that the nonrelativistic energy density is
defined in the Landau-Lifshitz frame while the nonrela-
tivistic conserved charge density is in the Eckart frame.
In other words, the NLO relativistic corrections are di-
rectly affected by the difference of the two fluid velocities.
Therefore, the detailed analysis of the NLO corrections
is useful even to inspect the consistency of the structure
of bivelocity hydrodynamics.
In the present work we also study the formulation of
bivelocity hydrodynamics by comparing it to relativistic
hydrodynamics 2. We start by considering the nonrela-
tivistic limit of relativistic hydrodynamics in the Laudau-
Lifshitz frame, and we show that the standard NFS the-
ory is reproduced in the leading order approximation.
Moreover, it is found that the derived hydrodynamics at
the NLO can be cast into a form of bivelocity hydrody-
namics which is generalized so as to permit to include
the effect of relativistic corrections.
The rest of this paper is organized as follows. In Sec. II,
we briefly summarize relativistic hydrodynamics and dis-
2 It is well-known that higher order kinetic corrections to the NFS
theory leads to the Burnett and super-Burnett equations [23].
The relation between these kinetic corrections and the bivelocity
picture was discussed in Refs. [11, 12].
cuss the different possibilities of the choice of fluid veloc-
ities in the context of both Landau-Lifshitz and Eckart
theories. In Sec. III, we express the nonrelativistic limit
of the various hydrodynamic variables in the relativistic
theory in terms of the corresponding nonrelativistic ones.
The leading order truncation of the velocity expansion is
implemented and we derive the NFS theory. In Sec. IV,
we discuss the NLO corrections. Our results, including
the NLO corrections, are then contrasted with bivelocity
hydrodynamics in Sec. V. Section VI is devoted to the
concluding remarks.
II. RELATIVISTIC HYDRODYNAMICS
A. Ideal fluid
In relativistic hydrodynamics, the energy-momentum
tensor and the conserved charge current are expressed in
terms of hydrodynamic variables describing the macro-
scopic motion of many-body systems 3. In the case of
an ideal fluid, two proper scalar densities (ε and P ) and
one four-vector field (the four-velocity uµ) are used to
express the energy-momentum tensor,
T µν0 = (ε+ P )u
µuν − gµνP , (2.1)
where the Lorentz four-velocity field uµ is expressed as
uµ = γ(1,v/c), (2.2)
and γ = 1/
√
1− v2/c2 is the usual Lorentz factor,
with the spatial velocity v and the speed of light c.
The four-velocity is normalized such that uµuµ = 1
and uµ = (1, 0, 0, 0) in the rest frame. We use gµν =
diag{1,−1,−1,−1} as the flat space-time metric. Be-
sides the energy-momentum tensor (2.1), a charge cur-
rent is also defined and can be expressed in terms of one
proper scalar density (n) and the four-velocity field as
Nµ0 = nu
µ, (2.3)
or, equivalently, n = Nµ0 uµ, with the four-velocity nor-
malization given above.
It should be noted that the proper scalar densities ε, P
and n coincide, respectively, with the energy density, the
pressure and the charge densities only in the local rest
frame because of the effect of the Lorentz contraction.
One can see that the introduced four-velocity field uµ
for an ideal fluid satisfies the following equation,
T µν0 uν = εu
µ, (2.4)
3 The time scale of the evolution of non-conserved quantities are
considered to be short and these are usually not included as
hydrodynamic variables.
3where εuµ is interpreted as the energy current. This
equation means that uµ is parallel to the energy current.
On the other hand, from Eq. (2.3), one can see that this
velocity is also parallel to Nµ0 . Therefore, we conclude
that there is no deviation between the energy current and
the charge current in an ideal fluid and, hence, there is
no ambiguity for the definition of the fluid velocity. How-
ever, this situation changes when the effects of dissipa-
tion are taken into account, which is the case of nonideal
fluids.
B. Nonideal fluids
By using T µν0 and N
µ
0 , which were introduced above,
the general energy-momentum tensor and conserved
charge current, in the presence of dissipative effects, are
changed, respectively, to
T µν = T µν0 +∆T
µν , (2.5)
Nµ = Nµ0 +∆N
µ , (2.6)
where
∆T µν = −(gµν − uµuν)Π + hµuν + hνuµ + piµν ,(2.7)
∆Nµ = νµ, (2.8)
and where Π is the bulk viscous scalar pressure, piµν is the
shear viscous tensor, hµ is the heat current and νµ is the
diffusion current. These quantities satisfy the following
orthogonal conditions,
uµhµ = 0 , (2.9)
uµνµ = 0 , (2.10)
uµpi
µν = 0 . (2.11)
In addition, the shear viscous tensor is traceless, piµµ =
0. These dissipative quantities will be explicitly defined
below, in Section III.
The four new variables, Π, hµ, νµ and piµν , are intro-
duced to represent the dissipative effects. However, we
can reduce this number of variables from four to three
under an appropriate choice for the four-velocity in the
context of nonideal fluids.
1. Nonideal fluids in the Landau-Lifshitz frame
The Landau-Lifshitz fluid velocity is defined to satisfy
the following condition,
T µνuν = εu
µ. (2.12)
Substituting the general expression of the energy momen-
tum tensor (2.5) into Eq. (2.12), we obtain
T µνuν = εu
µ + hµ. (2.13)
Thus, in the Landau-Lifshitz definition of fluid velocity,
hµ = 0.
In short, the energy-momentum tensor and the con-
served charge current in the Landau-Lifshitz theory are
then given by
T µν = (εL+PL+ΠL)u
µ
Lu
ν
L − g
µν(PL +ΠL)
+ piµνL , (2.14)
Nµ = nLu
µ
L + ν
µ . (2.15)
Here the index L indicates the quantities defined in the
Landau-Lifshitz theory. From the latter equation, one
can also notice that uµL is not parallel to N
µ
L due to the
diffusion current νµ. This will bring to another possibil-
ity of choice for the fluid four-velocity.
2. Nonideal fluids in the Eckart frame
In the Eckart frame the velocity is defined to satisfy
the condition
Nµ = nuµ. (2.16)
Substituting the general expression of the conserved
charge current (2.6) in Eq. (2.16), we obtain
νµ = 0. (2.17)
Likewise, the energy-momentum tensor and the con-
served charge current in the Eckart theory are defined
as
T µν = (εE + PE +ΠE)u
µ
Eu
ν
E − g
µν(PE +ΠE)
+ hµuνE + h
νuµE + pi
µν
E , (2.18)
Nµ = nEu
µ
E . (2.19)
Here the index E is used to indicate the quantities defined
in the Eckart frame.
Evaluating T µν(uE)ν with the help of the orthogonal-
ity conditions for hµ (2.9) and piµν (2.11), we obtain
T µν(uE)ν = εEu
µ
E + h
µ. (2.20)
From the above equation, one can notice that uµE is not
parallel to T µν(uE)ν due to the heat current h
µ.
4C. Connecting the Landau-Lifshitz and Eckart
definitions of fluid velocity
In order to discuss the nonrelativistic limit of relativis-
tic hydrodynamics, it is necessary to express the rela-
tivistic hydrodynamic variables in terms of those defined
in the NFS theory. As a first example, following Landau
and Lifshitz [6], the energy density is given by the proper
scalar density εL expressed in terms of the mass density
ρm and the internal energy per unit mass uˆ as
εL =
ρm
γL
(c2 + uˆ). (2.21)
As concerning the expression for the conserved charge
density nL, it is much less trivial. In nonrelativistic case,
the corresponding conserved charge density is defined by
the number of charged particle per unit volume. In the
Eckart frame, it is trivial to show that nE can be ex-
pressed in terms of the nonrelativistic conserved charge
density as
uµENµ ≡ nE =
q
m
ρm
γE
. (2.22)
Note that in the case where the nonrelativistic limit is
permitted, the contribution from the anti-particle is neg-
ligibly small. On the other hand, nL is the proper scalar
density associated with uµL and it is clear that
nL = u
µ
LNµ 6= u
µ
ENµ = nE . (2.23)
That is, to express nL with ρm, we need to know the
relation between nL and nE .
Because Nµ can be expressed in the two different ways
with uµL and u
µ
E , one can easily find that
nL =
√
n2E − ν
µνµ. (2.24)
Substituting Eq. (2.22) on the right hand side, we can
express nL in terms of ρm.
In short, to introduce nonrelativistic hydrodynamic
variables uˆ and ρm simultaneously, we need to consider,
e.g., both the Eckart and the Landau rest frames con-
comitantly. As was mentioned in the introduction, this
is the reason why the difference of the two fluid velocities
affects the NLO relativistic correction terms. It should
be mentioned that this issue has not been discussed in
Refs. [7, 8].
III. FLUID EQUATIONS IN THE
NONRELATIVISTIC LIMIT
Let us now discuss the nonrelativistic limit for the hy-
drodynamic equations. As the first step to obtain the
nonrelativistic limit of the hydrodynamic variables, it is
necessary to specify the irreversible variables.
A. Nonrelativistic limit of hydrodynamic variables
We obtain the relativistic covariant expression of the
NFS theory when the linear irreversible thermodynamics
(LIT) is applied to determine the irreversible currents,
satisfying the positivity of the entropy production rate.
However, as was pointed out in Ref. [24], such a theory is
inconsistent with the relativistic kinematics in the sense
that the stability of the relativistic fluid changes depend-
ing on the choice of reference frames. There are several
proposals to calculate these currents, but there is still no
established model (see, for example, Ref. [25] for refer-
ences and discussions regarding this issue). However, in
the present argument, our intention is to discuss the be-
havior of relativistic hydrodynamics in the nonrelativistic
limit and, therefore, the inconsistency mentioned above
will not be of relevance. Thus, using the following re-
sults obtained in LIT [6, 26], the linear expressions for
the irreversible variables can be expressed as
νµ =
κ
c
(
nLTL
εL + PL
)2
∆µνL ∂ν
µLrel
TL
, (3.1)
piµνL = 2 c η∆
µναβ
L ∂α(uL)β , (3.2)
ΠL = −c ζ ∂µu
µ
L, (3.3)
where ∆µνL and ∆
µναβ
L are projection operators defined
as
∆µνL = g
µν − uµLu
ν
L , (3.4)
∆µναβL =
1
2
(∆µαL ∆
νβ
L +∆
µβ
L ∆
να
L )−
1
3
∆µνL ∆
αβ
L .(3.5)
Here, TL and µ
L
rel are the temperature and the chemi-
cal potential, which are obtained by employing the local
equilibrium in the Landau-Lifshitz frame. Let us recall
that the chemical potentials in relativistic and nonrela-
tivistic systems, µLrel and µ
L
nrel, respectively, are related
through µLrel = mc
2 + µLnrel. The other coefficients, κ,
η and ζ, appearing in Eqs. (3.1), (3.2) and (3.3), rep-
resent the coefficients of the thermal conductivity, the
shear viscosity and the bulk viscosity, respectively.
In order to obtain the nonrelativistic limit of relativis-
tic hydrodynamics, we need to perform an expansion of
the hydrodynamic variables in powers of vL/c, which is a
velocity expansion. For the linear irreversible variables,
we find that the leading order contributions are
νi ∝ O(v3L/c
3) , (3.6)
piijL ∝ O(v
0
L/c
0) , (3.7)
ΠL ∝ O(v
0
L/c
0). (3.8)
Likewise, for the other components, we have that (see
also the argument in Ref. [6])
5ν0 ∝ O(v4L/c
4) , (3.9)
pi00L ∝ O(v
2
L/c
2) , (3.10)
pi0iL = pi
i0
L ∝ O(vL/c) . (3.11)
It can be noted that only the purely spatial components
of the irreversible variables, Eqs. (3.6) and (3.7), are
important at the leading order in a velocity expansion,
whereas the other components contribute only at higher
orders.
By using the velocity expansion, one can obtain the
expression of nL from Eqs. (2.22) and (2.24) as
nL =
q
m
ρm −
q
2m
ρm
v2L
c2
−
1
c4
q
8m
ρmv
4
L + O(v
6
L/c
6) .
(3.12)
Substituting Eq. (3.12) into Eq. (2.24), the fundamen-
tal relation between the two fluid velocities in the non-
relativistic limit is derived as
viE − v
i
L =
mc
qρm
νi + O(v4L/c
4) , (3.13)
where the diffusion current νi can be obtained from
Eq. (3.1). Since νi ∝ O(v3L/c
3), the two fluid velocities
differ only at second order in the relativistic corrections,
i.e., viE − v
i
L ∝ O(v
2
L/c
2).
The proper scalar energy density εL, when expanded
in vL/c, gives
εL = ρm(c
2 + uˆ) +
1
2
ρmv
2
L
−
1
c2
[
1
2
ρmv
2
Luˆ+
1
8
ρm(v
2
L)
2
]
+O(v4L/c
4).(3.14)
Note that the above equation, defined in the Landau-
Lifshitz frame and derived from Eq. (2.21), gives only
part of the relativistic corrections to the energy defined
from T 00.
B. Leading order truncation and
Navier-Fourier-Stokes theory
The conservation of energy, momentum and charge are
expressed by the equations of continuity of the energy-
momentum tensor and the conserved charge current,
∂µT
µν
L = 0 , (3.15)
∂µN
µ
L = 0 . (3.16)
By using Eqs. (2.14) and (2.15), we can obtain the
relativistic hydrodynamic model of Landau and Lifshitz,
the Landau-Lifshitz theory. The nonrelativistic limit of
this theory can be obtained from the substitution of the
relativistic hydrodynamic variables by the leading order
expressions for these variables that we have obtained in
the previous section. In the present work, we adapt the
following orders for the hydrodynamic variables uˆ, PL
and µLnrel,
uˆ
c2
,
PL
c2
,
µLnrel
c2
∝ O(v2L/c
2). (3.17)
Then, as we will see soon later, the NSF theory is repro-
duced in the leading order approximation.
As it was shown in Eq. (3.13), the difference of the
two fluid velocities, vE and vL, appears only at order
O(v2L/c
2). By truncating at O(v0L/c
0) of the velocity ex-
pansion, we simply have that
vE = vL = v . (3.18)
This equality shows that the velocities vL and vE define
the same rest frame at the leading order in the vL/c ex-
pansion. Thus, the energy and mass flows are both par-
allel to the fluid velocity, which is the case of the usual
nonrelativistic hydrodynamics.
The hydrodynamic variables PL, ΠL and pi
ij
L occur-
ring in the energy-momentum tensor T µνL are obtained
by employing the local equilibrium in the Landau-Lifshitz
frame. It should be noted, however, that there is a unique
rest frame because of Eq. (3.18) and these hydrodynamic
variables do not have any frame dependences in the lead-
ing order truncation. Therefore, we can verify that the
nonrelativistic limit of relativistic hydrodynamics repro-
duces the NFS theory,
∂tρm +∇ · (ρmvL) = 0 , (3.19)
ρm (∂t + vL · ∇) v
i
L = −
3∑
j=1
∇jP
ij
L0 , (3.20)
ρm (∂t+vL · ∇) uˆ=−∇ · q−
3∑
j,k=1
P
jk
L0∇jv
k
L,(3.21)
where the stress tensor PijL0 is given by
P
ij
L0 = δ
ij(PL +ΠL) + pi
ij
L , (3.22)
with the viscosities ΠL and pi
ij
L , which are also used in
the next Section, are defined by their usual leading order
expressions [6]
ΠL = −ζ∇ · vL , (3.23)
piijL = −η
(
∇ivLj +∇jvLi −
2
3
δij∇ · vL
)
,(3.24)
while the heat current vector q is defined by
q = −κ∇TL . (3.25)
6IV. NEXT-TO-LEADING ORDER
RELATIVISTIC CORRECTIONS
To determine the difference between the two fluid ve-
locities, we calculate the NLO corrections for the NFS
theory. By keeping the relativistic corrections terms up
to O(v2L/c
2) in the fluid equations (3.19), (3.20) and
(3.21), we obtain the mass, the momentum and the en-
ergy equations, respectively, as
∂tρm +∇ · (ρmvL) = −
mc
e
∇ · ν + O(v4L/c
4),(4.1)
ρm (∂t + vL · ∇) v
i
L =
−
3∑
j=1
[
δij −
δij
c2
(
v2L + 2uˆ
2
+
PL +ΠL
ρm
)
−
1
c2
piijL
ρm
]
×∇j(PL +ΠL)
−
3∑
j,k=1
[
δij −
δij
c2
(
v2L + 2uˆ
2
+
PL + ΠL
ρm
)
−
1
c2
(
viLv
j
L +
piijL
ρm
)]
∇kpi
jk
L
+
1
c2
3∑
j,k=1
(
viLpi
jk
L + v
k
L pi
ij
L
)
∇kv
j
L −
1
c2
viL∂t(PL +ΠL)
−
1
c2
3∑
j=1
vjL∂tpi
ij
L + O(v
4
L/c
4), (4.2)
ρm (∂t + vL · ∇) uˆ
= −
3∑
i,j=1
{(
1 +
1
2
v2L
c2
)[
δij(PL +ΠL) + pi
ij
L
]
−
1
c2
3∑
k=1
viLv
k
Lpi
jk
L
}
∇iv
j
L
+
1
c2
3∑
i=1
(
viL
PL +ΠL
ρm
+
3∑
k=1
vkL
piikL
ρm
)
×

∇i(PL +ΠL) + 3∑
j=1
∇jpi
ij
L


+
mc3
q
3∑
i=1
∇i

νi − 3∑
j=1
viL
c
vjL
c
νj


+
mc
q
uˆ∇ · ν + O(v4L/c
4). (4.3)
The irreversible variables, which are also expanded up to
the next-to-leading order O(v2L/c
2), are given by
νi = κ
q
mc3
[(
∇i −
uˆ
c2
∇i +
viL
c2
DL
)
TL
−
TL
ρmc2
∇iPL
]
, (4.4)
piijL = −η
{
∂jvLi + ∂ivLj +
1
c2
[
(vLi∂j + vLj∂i)
(
v2L
2
)
+
v2L
2
(∂jvLi+∂ivLj)−vLjDLvLi − vLiDLvLj
]}
+
2
3
η
{
∇ · vLδij +
1
c2
[(
v2L
2
δij + vLivLj
)
∇ · vL
+ DL
(
v2L
2
)
δij
]}
, (4.5)
ΠL = −ζ
{
∇ · vL+
1
c2
[
DL
(
v2L
2
)
+
v2L
2
∇ · vL
]}
.(4.6)
One can notice that in order to satisfy the NLO energy
and momentum conservation equations, the relativistic
correction terms appearing in the definitions of energy
and momentum should be considered. The expressions
for the nonrelativistic energy density and momentum cur-
rent, ρmeˆ ≡ ρm(
1
2
v2 + uˆ) and ρmm ≡ ρmv, respectively,
which are conserved in the NFS theory, are no longer con-
served in the NLO equations. However, the appropriate
expressions in the relativistic context are exactly those
obtained from the components of the relativistic energy-
momentum tensor, ρmeˆL = T
00 and ρmm
i
L = T
0i/c,
respectively. Thus, from the energy-momentum tensor
in the Landau-Lifshitz frame, Eq. (2.14), the expressions
for the energy per unit mass and for the momentum per
unit mass, that account up to the O(v2L/c
2) relativistic
corrections, are given, respectively, by
eˆL = c
2 +
(
v2L
2
+ uˆ
)
+
1
c2
[(
3
8
v2L +
1
2
uˆ
)
v2L
+
3∑
i,j=1
(PL +ΠL)δ
ij + piijL
ρm
viLv
j
L

 , (4.7)
and
miL = v
i
L +
1
c2
[(
1
2
v2L + uˆ
)
viL
+
3∑
j=1
(PL +ΠL)δ
ij + piijL
ρm
vjL

 . (4.8)
From these expressions, Eqs. (4.1), (4.2) and (4.3) can be
cast into much simpler forms,
7∂tρm +∇ · (ρmvE) = 0, (4.9)
ρm(∂t + vE · ∇)m
i
L = −(∇ · PL)
i, (4.10)
ρm (∂t+vE · ∇) eˆL =−∇ · jL−
3∑
i=1
∂i(PL · vL)
i,(4.11)
where we have used Eq. (3.13) to take vE into ac-
count. Here, (∇ · PL)
i =
∑3
j=1 ∂jP
ij
L and (PL · vL)
i =∑3
j=1 P
ij
L v
j
L. The spatial components for the stress tensor
PL and for the heat current vector jL are, respectively,
given by
P
ij
L = P
ij
L0 −
1
c2
3∑
k=1
piikL v
k
Lv
j
L −
mc
q
miLν
j , (4.12)
and
jiL = −
mc
q

eˆL νi − 3∑
j=1
miL ν
jvjL


= −κ
[(
∇i+
v2L
c2
∇i+
viL
c2
∂t
)
TL−
TL
ρmc2
∇iPL
]
,(4.13)
where, in the calculation of jiL, we have used the explicit
expression for νi given by Eq. (4.4). One can easily check
that the relativistic quantities ρmeˆL and ρmmL are con-
served densities in the next-to-leading order relativistic
hydrodynamics, as well as ρmeˆ and ρmm are in the NFS
theory.
The hydrodynamic equations given by Eqs. (4.9),
(4.10) and (4.11), represent the main result of this work.
Most importantly, we note that the two fluid velocities
vE and vL appear in the above equations. This shows
that it is possible to work concurrently with two differ-
ent velocities in the NLO hydrodynamics. Of course, one
of the velocities is eliminated by substituting the rela-
tion given by Eq. (3.13), but the above expressions are
essential to compare with bivelocity hydrodynamics in
the next section (see also the comment below Eq. (5.1)).
We also notice that the last term on the right-hand side
of the energy equation, Eq. (4.11), associated with the
work done by the stress tensor, is implemented follow-
ing vL. On the other hand, in bivelocity hydrodynamics,
this term follows vV . The discussion concerning this term
plays an important role in the comparison.
Before closing this section, as a final remark concerning
the stress tensor defined by Eq. (4.12), we note that it is
asymmetric. But this is only because we wrote Eq. (4.10)
in a way it can be compared to the bivelocity hydrody-
namics in the next section. In fact, the momentum equa-
tion in the NLO, Eq. (4.10), can be expressed with a
symmetric tensor as
∂(ρmm
i
L) = −
∑
j
∂jP˜
ij
L , (4.14)
where, when we move the term depending on the Eckart
fluid-velocity in Eq. (4.10) to the right-hand-side of that
equation, and upon using also Eq. (4.9), we obtain that
P˜
ij
L = P
ij
L0
+
1
c2
(
ρmc
2+
ρm
2
v2L+uˆ+PL+ΠL
)
viLv
j
L,(4.15)
which is symmetric.
V. COMPARISON WITH BIVELOCITY
HYDRODYNAMICS
As it was shown in the previous section, the NLO rela-
tivistic corrections to the NFS theory leads to a new hy-
drodynamic model that is described by the two different
fluid velocities, vE and vL. In this section, we compare
this NLO equations with bivelocity hydrodynamics.
A. Velocity in Landau-Lifshitz frame and volume
velocity
Bivelocity hydrodynamics is constructed with the mass
velocity vM and the volume velocity vV . The mass ve-
locity is defined to be parallel to the mass flow as usual.
The origin of the volume velocity is attributed to the fact
that the flow of the constituent particles of the fluid (ve-
locity of the tracer particles) is not necessarily parallel to
the mass velocity [9–13].
The velocity vE in relativistic hydrodynamics is de-
fined to be parallel to the conserved charge current and,
therefore, it is quite natural to ask if it can be identified
with the mass velocity. However, it is not trivial to know
in principle whether vL corresponds to the volume veloc-
ity, because the physical meaning of these two velocities
seem to be different. Thus, we need to investigate the
explicit relation between vL and vV .
The relation between vM and vV is known in the con-
text of bivelocity hydrodynamics and is given by [9]
vM − vV = −Cv
η
ρm
∇ ln ρm
= −Cv
η
ρ2m
{(
∂ρm
∂T
)
P
∇T +
(
∂ρm
∂P
)
T
∇P
}
,(5.1)
where the coefficient Cv is a free parameter that can be
obtained once a particular application or theory is given.
For example, some results for the coefficient Cv can be
found in Table I of Ref. [11].
It is clear from Eq. (5.1) that the volume velocity is
expressed in terms of the mass velocity and, thus, these
are not independent. This is simply the notation intro-
duced in bivelocity hydrodynamics, and for the sake of
the comparison with this theory, we will also express our
results of the previous section by using the two velocities.
8In this manner, although the existence of the two fluid
velocities is assumed in bivelocity hydrodynamics, they
do not represent independent variables.
On the other hand, as it was shown in Eq. (3.13), the
difference between the two fluid velocities in relativistic
hydrodynamics is given by
vE − vL =
mc
qρm
νi
= κ
1
c2ρm
[(
∇i −
uˆ
c2
∇i +
viL
c2
DL
)
TL
−
TL
ρmc2
∇iPL
]
, (5.2)
where DL = ∂t + vL · ∇ and we have used the explicit
expression of νi, Eq. (4.4). Here we have expanded νi
using the thermodynamic relation,
∇i
µLrel
TL
= −
(
εL + PL
nLT 2L
)
∇iTL +
(
1
nLTL
)
∇iPL. (5.3)
It can be verified that DLTL is approximately given
by ∇2TL when the contribution from the energy dissipa-
tion is sufficiently small in the energy equation. Then,
the third term in the right hand side of Eq. (5.2) is a
higher-order contribution of the spatial derivative and
can be neglected. The difference between vE and vL is,
then, determined by the gradients of temperature and
pressure similarly to the case of vM and vV . Therefore,
it can be concluded that the volume velocity in biveloc-
ity hydrodynamics vV is related to the velocity in the
Landau-Lifshitz frame vL.
B. Equations in bivelocity hydrodynamics
Let us investigate further whether the NLO equations
given by Eqs. (4.9), (4.10) and (4.11) can have the same
structure as the fluid equations in bivelocity hydrody-
namics.
In the following, we use vV = vL and vM = vE to ex-
press the equations in bivelocity hydrodynamics to avoid
confusion in the comparison.
The bivelocity hydrodynamics model is characterized
by the following set of equations [11, 12],
∂tρm +∇ · (ρmvE) = 0, (5.4)
ρm (∂t + vE · ∇)m
i
bi = −(∇ · PL0)
i, (5.5)
ρm(∂t + vE · ∇)eˆbi = −∇ · ju −∇ · (PL0vL),(5.6)
where
mbi = vE , (5.7)
eˆbi =
v2E
2
+ uˆ . (5.8)
On the other hand, the heat current vector in bivelocity
hydrodynamics, by using LIT, is given by
ju = −
[
κ+
Cvη
ρ2m
(
∂ρm
∂T
)
P
]
∇T
+
Cvη
ρ2m
[
T
(
∂ρm
∂T
)
P
− P
(
∂ρm
∂P
)
T
]
∇P. (5.9)
One can note that the heat current is given by the lin-
ear combination of the two thermodynamic forces: One
is for the pure heat conduction, ∇T ; and the other is in-
duced by the existence of the volume velocity, ∇P . Then,
because of the Curie principle, the most general expres-
sion is given by their linear combination.
C. Comparison between the two approaches
By comparing the NLO equations (4.9), (4.10) and
(4.11) with those of the bivelocity hydrodynamics,
Eqs. (5.4), (5.5) and (5.6), one can find that the struc-
tures of the two theories are similar. In fact, the various
assumptions used in the derivation of bivelocity hydrody-
namics are naturally reproduced in the NLO equations.
In both theories the equations are expressed with the
material (substance) derivative for the mass velocity vE .
That is, the evolution of the hydrodynamic variables are
defined in terms of the fluid element, which moves with
the mass velocity. However, the work done by the stress
tensor, which appears in the second terms on the right
hand side of the energy equation of each theory, and the
forms of the bulk and shear viscosities are given in terms
of the volume velocity vL, but not vE .
It is also verified that in both theories the heat currents
are induced even by the pressure gradient. In bivelocity
hydrodynamics, this behavior is because LIT leads to
the pressure gradient as the thermodynamic force asso-
ciated with the volume velocity [11, 12]. On the other
hand, in the NLO equations, the thermodynamic force
associated with the diffusion current νµ is given by the
gradient ∇(µ/T ) and the pressure gradient is induced by
the chemical potential dependence included in this term.
These behaviors are assumed in the derivation of bive-
locity hydrodynamics, while the very same are automati-
cally reproduced in the NLO equations. The consistency
that we found in the comparison above can be consid-
ered as an indication of support for the validity of the
application of LIT for the construction of bivelocity hy-
drodynamics.
There are still qualitative differences that we cannot
ignore: 1) the energy and momentum variables defini-
tions in bivelocity hydrodynamics are given in terms of
the mass velocity, which is argued to be the universal
behavior [11], whereas, in the NLO equations, these vari-
ables are defined in terms of the volume velocity, and 2)
the symmetric stress tensor in bivelocity hydrodynam-
ics PijL0 is replaced by an asymmetric one in the NLO
9equations PijL . However, these problems are essentially
connected to, and can be explained as an effect of the
relativistic corrections, which are not considered in the
original formulation of bivelocity hydrodynamics.
In the framework of bivelocity hydrodynamics, in fact,
the definitions of energy and momentum are not trivial
because of the existence of the two different fluid veloc-
ities. Then, in Ref. [11], it is assumed that the nonrela-
tivistic forms of the energy and momentum are still held
even in the formulation of bivelocity hydrodynamics. In
other words, mbi and eˆbi are, respectively, given by the
linear and quadratic functions of a certain velocity. Un-
der this assumption, Brenner succeeded in showing that
this velocity is given by the mass velocity. In short, Eqs.
(5.7) and (5.8) are derived. It is however obvious that
this argument is not applicable to the NLO equations be-
cause the definitions of momentum and energy are modi-
fied due to the relativistic corrections. Therefore, we can
still consider the momentum and energy per unit mass
as functions of the volume velocity in the present case.
The modification of the velocity dependence in the en-
ergy and momentum of bivelocity hydrodynamics natu-
rally leads to the introduction of an asymmetric stress
tensor. It is difficult to predict the velocity dependence
when the relativistic corrections are allowed to be in-
cluded in the framework of bivelocity hydrodynamics.
However, as a simplest example, let us consider the case
where the momentum is simply mbi = vL. Then, the
momentum equation (5.5) is expressed as
∂t(ρmv
i
L) = −
3∑
j=1
∇j(P
ij
L0 + ρmv
j
Ev
i
L) . (5.10)
Note that the second term on the right-hand side in
Eq. (5.10) has two velocities; one comes from the defini-
tion ofmbi and the other from the material derivative. As
a consequence, the second rank tensor on the right-hand
side in Eq. (5.10), (PijL0+ ρmv
j
Ev
i
L), is not symmetric for
the exchange of the indexes i and j and, hence, the angu-
lar momentum density defined by ρm(r×m
i
b) = r×ρmv
i
L
is not a conserved density. Therefore, to satisfy the angu-
lar momentum conservation in this case, the stress tensor
P
ij
L0 should contain an asymmetric part that cancels the
last term on the right hand side, ρmv
j
Ev
i
L. This conclu-
sion is still the same even if we consider a more complex
velocity dependence. In fact, one can easily confirm that
the angular momentum density ρm(r×m
i
L) is conserved
in the NLO equation (4.14).
In summary, the formulation of bivelocity hydrody-
namics is based on various assumptions. Most of these as-
sumptions (material derivatives, work done by the stress
tensor, the forms of the viscosities, the thermodynamic
force of the volume velocity) are automatically repro-
duced in the NLO equations. On the other hand, the
stress tensor in bivelocity hydrodynamics is given by the
symmetric form, while the corresponding stress tensor in
the NLO equations is asymmetric. That is, the structure
of the NLO equations do not reproduce bivelocity hydro-
dynamics completely. However, this is because biveloc-
ity hydrodynamics is not constructed in such a way to
include the relativistic corrections. When we generalize
the argument to include the relativistic corrections, an
asymmetric stress tensor emerges even in bivelocity hy-
drodynamics in order to satisfy the angular momentum
conservation. That is, the nonrelativistic hydrodynamics
with the NLO corrections is qualitatively equivalent to
this generalized version of bivelocity hydrodynamics.
VI. CONCLUDING REMARKS
In this work, we have discussed the nonrelativistic limit
of relativistic hydrodynamics. In relativistic hydrody-
namics, it is possible to define two fluid velocities; one
is parallel to the energy current and the other can be
defined to be parallel to the conserved charge current.
The difference between these velocities disappears in the
nonrelativistic limit and the NFS theory is reproduced.
From the results we have obtained, we do not observe
any bivelocity effect in the nonrelativistic limit, but it
does not necessarily mean that bivelocity hydrodynamics
does not exist in the nonrelativistic regime. It is because
the relativistic hydrodynamics used here is obtained by
employing the linear irreversible thermodynamics and
hence the possible nonlinear effects in the irreversible
currents are not considered. If such effects are taken
into account, the correction terms may appear even in
this regime. As a matter of fact, there are arguments
that the bivelocity effect can be induced from such non-
linearities (see, for example, Refs. [14–22]). How these
nonlinearities also manifest in the context of relativistic
hydrodynamics is an interesting subject to be explored
in a future work.
Afterwards, we have explicitly obtained the NLO rel-
ativistic corrections to the NFS theory for the case of
the Landau-Lifshitz definition of fluid velocity. Previous
studies of the NLO relativistic corrections to the NSF
theory were available only for a Eckart fluid [8]. We be-
lieve that our results represent an important contribution
to the study of cases where the Eckart scenario does not
apply.
The derived NLO hydrodynamics can be expressed
concurrently in terms of both fluid velocities, where
one of them is a Eckart fluid velocity and the other
the Landau-Lifshitz fluid velocity. Comparing this re-
sult with bivelocity hydrodynamics, we found that the
Landau-Lifshitz velocity can be identified with the vol-
ume velocity in bivelocity hydrodynamics.
Using this identification, we have confirmed that most
of the assumptions used in bivelocity hydrodynamics
(material derivatives, work done by the stress tensor,
the forms of the viscosities, the thermodynamic force of
the volume velocity) are automatically reproduced in the
NLO equations. The difference comes from the stress
tensor; the stress tensor in the bivelocity hydrodynam-
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ics is symmetric, while the one in the NLO equations is
asymmetric. However, this difference can be explained
by the different origins of the volume velocity; in bive-
locity hydrodynamics, the volume velocity is induced as
a consequence of the definition of the diffusive flux of
volume jv (which is absent in the NFS theory), while in
the NLO equations it appears as an effect of the rela-
tivistic corrections. Then, by discussing the symmetry
properties of the stress tensors in connection to the an-
gular momentum conservation in both theories, we have
found that the argument of bivelocity hydrodynamics can
be extended so as to include the relativistic corrections,
and then the stress tensor is permitted to be asymmetric
even in bivelocity hydrodynamics to satisfy the angular
momentum conservation. In short, in the sense discussed
above, the hydrodynamics including the NLO corrections
is qualitatively equivalent to bivelocity hydrodynamics.
In the original idea of bivelocity hydrodynamics, the
origin of the volume velocity is identified with the flow of
the constituent particles of the fluid that is not parallel
to the mass velocity, and this deviation is enhanced for
the compressible fluid. However, as we have shown in
the present work, a similar situation can be expected as
the result of relativistic effects and that is possible to
be observed even for incompressible fluids. The study
we have performed in this work points out, thus, that
analogous effects expected from the bivelocity picture can
be obtained by observing the behavior of, for example,
high energy fluids in cosmology and relativistic heavy-
ion collisions. These are in fact areas of research that
our results may have immediate applications and that
are worth of future investigation.
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